Test 2 - linear algebra
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2024
Exercise 1 (2 points)
Find A2015,
Ao 1/vV2 —1/V/2
“lva vz

Exercise 2 (1 point)
Find X. Assume all the matrices involved are invertible.

(B7'ATIX)" ' = A(B34)71

Exercise 3 (1.5 points)
Find A~! using Gauss-Jordan elimination.

2 10
A= |1 1 2| on Zj
0 21
Exercise 4 (2.4 points)

Find a basis for C(A), R(A), and N (A4).

A=|-1 2 -1 -4 3

1 -2 1 4 4

2—4011]

Exercise 5 (1 points)
Isbin C(A)? Is w in R(A)?




Exercise 6 (0.5 points)

1 0 1
Is {|1|,|1|,|0|} a basis for Z3?
0 1 1

Exercise 7 (2 points)
If possible, express matrix A as a product of elementary matrices.

5 2 0
A=15 4 0
3 01
Extra:
Exercise 8 (0.5 point) What is a group?

Exercise 9 (0.5 point) What is a ring?

Exercise 10 (0.5 point) What is a field?



Exercise 1 (2 points)

Find A2015,
g [WV2 -1V2
-iva e
Answer (1 point)
L. V2 =12
gz |[Uv2 12 [1/\/5 ~1/V2 _[0 1}
I YAV VAVS R B YAV VAVO R B
4 [0 —1} {1/\/5 -1/v2] _ {—1/\/5 —1/v2
oo [1/v2 12 1/V2  —1/V2
gi_ [FUV2 —1V2 {1/@ —1/V/2 _[_1 o}
IR R VAVP RS VAVD) N VAVO R VAVO R B N
oo |1 0] [1/\/5 —1/v2 :[—1/\/5 1/\/5}
I U S S VAVE RS VAVS) -1/vV2 —1/V2
Ae_'—l/ﬁ 1/\@} [1/\/5 —1/V2 _[o 1]
I B VAVo RS WAVo N E WAV R VAV R I B
4|0 1} [1/v2 —-1/v2 _{1/\@ 1/@
R I R S VAV VAVE R B B YAVO R YAVP)
s [ 1/vV2 12 [1/vV2 —1/V2] 1 0
=10 vl v el =l )

Since 2015 = 7 (mod 8), A2°1® = A7. Namely,
A2015 _ 1/vV2  1/V2
—1/vV2 1/V2
Exercise 2 (1 point)

Find X. Assume all the matrices involved are invertible.

(B'A7 ' X))t = AB3A)!



Answer

(B7'ATIX)" = A(B73A)7!
X—l(A—l)—l(B—l)—l — AA_l(B_3)_1
X'AB= (B!
X 'AB=(B*H!

X 1'AB=pB?
X1ABB~!=B?BB!
XA = B*I
X1A=pB?

X 1AaA-t =B2a~!
X '1=p%A""
X 1=p%?4""!

(X—l)—l — (BQA—1>—1
X = (A71)71(32)71
X =AB?

Exercise 3 (1.5 points)
Find A~! using Gauss-Jordan elimination.

21 0
A=11 1 2| on Zs
0 2 1
Answer
2 1 0|1 0 0 12 0[2 0 1 2 0]2 00
11 2/0 1 025111 2{01 02109292 92/1 10
02 1lo 01 02 1/0 0 1 02 1/0 0 1
(1 0l2 0 07 1011 2 0 1011 2 0
2Rt g 01 102 2 o | B2yl 1 102 2 0| B2l g 1 1]2 2 0
0 1/0 0 1| 02 1/0 0 1 00 2/2 2 1
1 0 1]1 2 0] 1 0 0]0 1 1 1 0 0]0 1 1
2Rl 901 102 2 0| 2Bt R g 1 102 2 o | 2Bl g 1 01 1 1
(00 1|1 1 2] 00 1/1 1 2 00 11 1 2

Therefore,



AT =

0 1 1
1 11
1 1 2

where,

Exercise 4 (2.4 points)
Find a basis for C(A), R(A), and N'(A).

Answer

2 4 0 1 1], . [2 -4 0 1 L] apm 2 -4 0 1 1
-1 2 -1 —4 32310 0 -1 —-7/2 7/2| =210 0 -1 -7/2 7/2
1 -2 1 4 4 1 -2 1 4 4 0 0 1 7/2 7/2

2 -4 0 1 1
0 0 -1 —7/2 7/2
o0 0 o0 7

1 -2 0 1/2 1/2
0 0 1 7/2 —7/2
0 0 0 0 1

R> 4+ R3 %Rl , —Ra %R3

From the (almost) row-reduced form, we find that

2 0 1
{|=1],]|=1],|3]|} is a basis for C(A).
1] (1] |4
(177 [ o 1" [o]"
-2 0 0
{10 1 , [0 }1is a basis for R(A).
1/2 7/2 0
2] |-72]) [
Since



2332 - (1/2)584 - (1/2)33‘5 2$2 - (1/2)584

€2

NA) ={| —(7/2)xq + (7/2)x5 s xg,wg ER}={| —(7/2)x4
T4 T4
0 0
2 ~1/2
1 0
={xo |0 + 24 |—T/2| : 29,24 eR} |
0 1
0 0
2] [-1/2
1 0
{10],|=7/2|} is a basis for N'(A).
0 1
0 0
Exercise 5 (1 points)
Isbin C(A)? Is w in R(A)?
1 1 =3 1
A=10 2 1| ,b=|1| , w=[2 4 -5
1 -1 4 0
Answer
1 1 =-3]1 1 1 -3]1 1
0 2 1|1 |2t Rytlo o 1|1 | B2tls)y
1 -1 4 |0 0o -2 7 |-1 0
Since the system is consistent, b € C(A).
1 1 -3 1 1 -3 1 1
0 2 1 —2R; + R4 0 2 1 —Ro+ Ry 0 2
1 -1 4 1 -1 4 1 -1
2 4 -5 0 2 1 0 O

Since the last row is a zero vector, w € R(A).

Exercise 6 5 points)

(0.
1 0 1
Is{|1|,]|1|,|0|} abasis for Z3?
0 1 1

T2

(el Ol

co

L X2,Tg4 € ]R}

O = =



Answer

10 1 10 1 10 1
1 1 of Hutfy g 1 of 2Rt 1g 1 o
01 1 01 1 00 2
10 1 10 1 10 0
2B g 1 of Bt Rt o of 2t g 1 0
00 1 00 1 00 1

Since the matrix row-reduces to the identity, the column vectors are a basis
for Z3.

Exercise 7 (2 points)
If possible, express matrix A as a product of elementary matrices.

5 2 0
A=1|5 4 0
30 1
Answer
5 2 0] 5 2 01, 125 0] ,. [1 25 0
5 4 0o 2Bt 0o 9 o] 2% 0 2 ol 20 1 0
3 0 1] 30 1 3 0 1 3 0 1
12/5 0 1 0 0 10 0
“3Ri+ Ry | { 0 —2Ry+ Ry 0 1 0 SRy + Rs 01 0
0 —6/5 1 0 —6/5 1 00 1

1 00 1/5 0 0 1 0 0
Ei=|-1 10|, Ba=|0 1 0| , Es=1[0 1/2 0
0 0 1 0 0 1 0 0 1
1 00 1 —-2/5 0 1 0 0
Ei=|0 1 0| , Bs=]0 1 ol , BEs=]0 1 0
—3 0 1 0 0 1 0 6/5 1

By Gauss-Jordan elimination,
E¢EsE EsEyE1A=1
By definition,

A= (E¢EsE EsEoEy) ™!



By the shoes and socks theorem,

A=F'E;'E; B ES RS

)

where
1 0 0 5 0 0 1
FE; = 1 , Es=1{0 1 0| , E3=10
0 0 1 0 0 1 0
1 0 0 1 2/5 0 1
E,=1(0 1 0| , Es=1(0 1 0| , Eg= |0
3 0 1 0 0 1 0

Exercise 8 (0.5 point) What is a group?

Answer A group is an algebraic structure (G, +), where

G is a set of elements,

+ is a binary operation,
(a+b)+c=a+ (b+c) (associativity),
a+ b= c (closure),

a + e = a (unique identity element),
a+ (—a) = e (inverse),

a,b,ceq.

Exercise 9 (0.5 point) What is a ring?

Answer A ring is an algebraic structure (G, +, x), where

(G,+) is a commutative group,

X is a binary operation,

(a x b) x ¢ =a x (b x ¢) (associativity),

a X b= ¢ (closure),

a X e = a (identity),

ax (b+c)=(axb)+ (axc) (left-distributivity),

(b+c¢) xa=(bxa)+ (cxa) (right-distributivity).



Exercise 10 (0.5 point) What is a field?

Answer A field is an algebraic structure (G, +, x), where
e (G,+, x) is a commutative ring,
e a X (—a) = e (inverse),

e only the additive identity has no inverse.



